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Abstract 

We derive the dual CFT Virasoro algebras from the algebra of conserved dif- 
feomorphism charges, for a large class of abelian Kaluza-Klein black holes. Under 
certain conditions, such as non-vanishing electric and magnetic monopole charges, 
the Kaluza-Klein black holes have a Reissner-Nordstrom space-time structure. For 
the non-extremal charged Kaluza-Klein black holes, we use the uplifted 6d pure 
gravity solutions to construct a set of Killing horizon preserving diffeomorphisms. 
For the (non-supersymmetric) extremal black holes, we take the NENH limit, and 
construct a one-parameter family of diffeomorphisms which preserve the Hamilto- 
nian constraints at spatial infinity. In each case we evaluate the algebra of conserved 
diffeomorphism charges following Barnich, Brandt and Compere, who used a coho- 
mological approach, and Silva, who employed a covariant-Lagrangian formalism. At 
the Killing horizon, it is only Silva's algebra which acquires a central charge exten- 
sion, and which enables us to recover the Bekenstein-Hawking black hole entropy 
from the Cardy formula. For the NENH geometry, the extremal black hole entropy 
is obtained only when the free parameter of the diffeomorphism generating vector 
fields is chosen such that the central terms of the two algebras are in agreement. 



1 Introduction and Summary 



Since the proposal of a duality between rotating black holes in four dimensions (4d) and 
a two-dimensional conformal field theory [1] , much work has been done to generalize this 
correspondence to other types of black holes. So far, the correspondence has been extended 
to charged and rotating black holes in AdS in various dimensions [21 [3], five- dimensional 
(5d) KK black holes pEJ [5] , and various types of black holes in extended gravity theories 
and string theory 0, [7J [HI [H [TOj [11] . A large class of 4d and 5d black holes with electric 
and scalar charges was also considered in [12]. We will propose that this correspondence 
can be extended still further to include all 4d, static, spherically symmetric Kaluza-Klein 
black holes with two sets of abelian electric and magnetic charges. 

An analysis of this class of black hole solutions to 4d Einstein-Maxwell theory is 
facilitated by recasting them as solutions of pure six-dimensional gravity [131 El EES]. 
Depending on the U(l) charges, these black holes have the same global space-time struc- 
ture as Schwarzschild black holes or Reissner-Nordstrom black holes. In the BPS limit, 
these become supersymmetric extreme black holes, with a null singularity. Unlike the 
4d solutions, the 6d solutions do not reside in flat space. This is a consequence of the 
non-vanishing 4d magnetic monopole charges. 

The first bit of evidence for the existence of a CFT dual to a given black hole arises 
by showing that one can construct a classical Virasoro {Dif f{S 1 )) algebra from the Lie 
algebra of an appropriate set of diffeomorphisms of the black hole geometry: 

i[€m, Cn]ue = (m - n)£ m+n . (1.1) 

For non-extremal black holes, such a Virasoro can be found by considering diffeomor- 
phisms which satisfy certain constraints at either the event horizon or spatial infinity. 
The former approach was pioneered by Carlip [161 El EE] • 

The analysis at spatial infinity was first developed by Brown and Henneaux |19j . 

For extremal black holes, one first takes a particular near-extremal, near-horizon 
(NENH) limit and imposes boundary conditions on the various fields in the resulting 
geometry to obtain a set of diffeomorphisms which obey (11.11) at spatial infinity. This 
approach was first taken by [T] and closely follows that of Brown and Henneaux. 

In this paper, we will be interested in the near-horizon analysis of non-extremal black 
holes as well as the analysis instigated by [1] for extremal black holes. As far as we are 
aware, the non-extremal horizon analysis presented here is the first implementation of this 
approach for 4d charged black holes. The novelty of our treatment is that we can extract 
the Virasoro algebra of the CFT directly from the 6d geometry where the black holes have 
only angular momentum and no electric or magnetic charges, enabling us to sidestep the 
necessity to extend the non-extremal horizon analysis to include electric and magnetic 
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fields. One hopes that this approach will facilitate a near Killing horizon analysis directly 
for the charged 4d black holes. 

For either extremal or non-extremal black holes, the next step toward the dual CFT 
is to promote the classical Virasoro algebra of diffeomorphisms to a quantum Virasoro 
algebra of associated conserved charges. The diffeomorphism charges Q n associated with 
the vector fields £ n satisfy a Poisson bracket algebra 

[Q m ,Qn]p = S U Q n , (1.2) 

which is isomorphic to the Lie algebra of the diffeomorphism generating vector fields, up 
to central charges 

i[Qm, Qn]p = (m- n)Q m+n + — m(m 2 - l)6 m+n . (1.3) 

When the central charges are non- vanishing, the classical Virasoro algebra gets promoted 
to a quantum Virasoro algebra, which is then used to characterize the dual CFT. 

In this vein, the literature provides more than one option. One of the most widely used 
diffeomorphism charge algebras was developed by Barnich, Brandt and Compere (BBC) 
[20l [2~T] from a cohomological approach: 



[Qm, Qr 



central term 167rG 

+^v«e - ^v„e + ^(v^c + ) , (i.4) 



where 

V = = + (I- 5 ) 

The applicability of this algebra requires a certain asymptotic behavior of the metric and 
other fields. In [20J, only a set of sufficient boundary conditions were discussed, namely 
the fluctuations should be subleading to the the background fields. (But this requirement 
is already violated by most (if not all) of the boundary conditions implemented in the 
NENH black hole analysis.) In [2T], a more general analysis was performed, outside the 
confines of the linearized approximation. The conditions for the validity of the charge 
algebra, besides the usual requirements that the diffeomorphisms preserve the boundary 
conditions and that the charges be finite and integrable, included 

^ 9 ^d^^(^ 9 ^^^ P ^ 2x ^) ~ o(r0) 

/ 6 i(-]^^d v g^d v g^(d n - 2 x)^ « o(r°) (1.6) 
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where the integral is taken over some boundary at fixed r, t. In the above d v is a field 
vertical differential, d^g^ = 0. The authors of [21] noted that it is possible to remove 
the constraint (jl.6p at the price of adding boundary terms to the Lagrangian. We will 
comment on the importance of this condition when testing the applicability of the BBC 
algebra. 

On the other hand, Silva [22J 123] proposed an alternative construction for the charge 
algebra, based on the Lagrangian Noether method, which is purported to have no depen- 
dence on boundary conditions for the fieldfl 



[Qm, On] 



- _ / c ( X7 V (:WX7 £Ml _ V7" — PA*2A*i C v CP 

central term LOTyLt J \ 

+ee(^ - 2A) + i(v^e - v^c)v,c - ^(v^e - vx)v«« 



(1.7) 

Silva noticed that, while constructing the charges Q n is a boundary condition- dependent 
issue, the charge variation SQ n depends only on the equations of motion and on the gauge 
symmetry. This leads to the definition of the Poisson bracket of the two charges and to 
the central term quoted above (jl.7p . Lastly, we'd like to mention that in [22J [23], the 
total derivative terms which can be added to the Lagrangian, leading to ambiguities in 
the charges, are fixed by enforcing the variational principle. 

Although Silva's algebra can be rewritten in a form which closely resembles the BBC 
algebra, the two central terms agree only up to 

w^k^E, + tow, + v,e), (i.8) 



167TG J ^-^2 

after partial integration. According to Barnich and Brandt, as reported by Silva [22J, this 
term vanishes for all examples which were known at the time of his work. More recently, 
in [2JJ , the integrand of the difference term fll.Sp was recognized as the n — 2 form which 
enters the supplementary requirement (II. 6p 

E(d v g, d v g) = -^g al s d v g» a d v g^(d n ~ 2 x)^ (1.9) 

107TG 

after replacing d v g» v by -Vf - Vf ^ 

In addition to presenting a new class of black hole-CFT examples, a second goal of 
this paper is to compare these two charge algebras. We will show that the same set 



lr The same central term was obtained by Koga [24j from the asymptotic symmetries at Killing horizons, 
by using the covariant phase space formalism. 
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of diffeomorphisms can lead to two different values for the central charge of the CFT, 
depending on which charge algebra is applied. However, we need to proceed with caution, 
since some of the conditions necessary for the validity of the algebras can be violated. 

Unfortunately, very little is known about the dual CFT in most instances of the black 
hole-CFT correspondence, except in cases where the black hole is a solution of string 
theory. For the most part, the only information about the CFT that one can obtain is 
the central charge and whether or not the CFT is chiral. Fortunately, knowledge of the 
central charge suffices for a computation of the CFT entropy from either the usual Cardy 
formula or its thermal version. 

We can exploit Cardy's relation between the central charge and the entropy S = 
27Ta/c<2o/6 to test the two different charge algebras. Since the two algebras yield, in 
principle, differing central charges, they will produce different entropies. These can then 
be compared with the Bekenstein- Hawking entropy of the black hole, which is expected 
to coincide with the CFT entropy. For non-extremal black holes, we use the uplifted 6d 
solutions and follow Carlip's approach by first identifying a set of diffeomorphisms which 
preserve the horizon structure. Then, for that same set of diffeomorphisms, we compute 
the central term of the BBC and Silva's algebras. We find that the BBC algebra does 
not acquire a central term extension. However, it turns out that (11.61) is violated, and 
the BBC algebra is simply not applicable. On the other hand, Silva's algebra aquires a 
central extension, and through the use of Cardy's formula yields the Bekenstein-Hawking 
result for the balck hole entropy. The zero-mode Qq is obtained from the Poisson bracket 
algebra, by requiring that we cast it in the standard Virasoro form (11. 3ft . 

For extremal black holes, the situation is more complicated. The class of Kaluza- 
Klein black holes which we study yield the same AdS<z x S 2 x T2 geometry. From a 4d 
perspective, the geometry is AdS2 x S 2 , supported by non- vanishing electric and magnetic 
Maxwell fields, and scalar fields. For simplicity, rather than dealing directly with the 4d 
NENH limit, we use the 6d uplifted geometry. In this case, we need to impose boundary 
conditions on the metric at spatial infinity of the NENH geometry. We were able to 
find a one-parameter family of boundary conditions which obey all the known linear 
self-consistency constraints. These boundary conditions in turn lead to a one-parameter 
family of diffeomorphisms. The arbitrary parameter carries over to the diffeomorphism 
charge algebra, and appears in the expression for the central charge regardless of which 
charge algebra is usecoj • We further observe that the term describing the difference 
between the two algebras depends on the free parameter. When the parameter is chosen 

2 Although Silva's algebra is advertised as being independent of boundary conditions, there is no 
obvious way to select a set of diffeomorphisms by fixing the free parameter from the field boundary 
conditions alone. 

3 We note that the validity conditions for the BBC algebra, and in particular (jl.6p . are responsible 
for separately fixing the value of this free parameter. We are grateful to G. Compere for bringing to our 
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to be such that this difference term vanishes, then both algebras lead to the Bekenstein- 
Hawking entropy. We determine the temperature of the dual CFT by expressing the 
extremal black hole entropy in terms of quantized charges dS ex t rem ai = ^ZiPidQi- Using 
the central charge value common to both Silva and BBC charge algebras, we were able 
to recover from the thermal Cardy formula S = ir 2 c/(3/3) the entropy of the extremal 
Kaluza-Klein black holes. 

The paper is organized as follows. In section 2, we briefly review the work of Cvetic 
and Youm and tailor it to arrive at a class of 6d solutions which compactify to the class of 
4d multi-charged solutions described earlier. In the same section, we also compute the 4d 
charges along with other thermodynamic quantities that will be relevant for later sections. 
In section 3, we construct the geometry of the NENH limit which will be necessary for our 
discussion of extremal black holes. Section 4 focuses on obtaining the CFT entropy in the 
non-extremal case from a near Killing horizon analysis. Section 5 is devoted to deriving 
the extremal black hole entropy from the asymptotic algebra(s) of the diffeomorphism 
charges. 

2 All 4- dimensional static, spherically symmetric, 
2-charge, abelian Kaluza-Klein black holes 



2.1 Geometry 

Cvetic and Youm constructed a large class of four-dimensional static, spherically sym- 
metric black holes of (4+n)-dimensional abelian Kaluza-Klein theory. Their construction 
was based on the observation that for such solutions, one has a (n+l)-parameter abelian 
isometry group (time-translation being one of the isometries). Then the solutions of 
(4+n)-dimensional pure gravity, 



where is the 4d metric, A 1 ^ are the n U(l) gauge fields, py is the unimodular internal 
metric and a = y/n + 2/ y/n, are obtained from the effective three dimensional (3d) action 

S = -I [ V9i(Rz + \Tr{ X - l d a xX^d a x)] , (2.2) 



attention the supplementary constraint p. 6 



5 



where g 3 = det(rg^ b ),a,b = 1,2,3, R 3 is the Ricci scalar associated with the effective 
three-dimensional metric rg^ b , and 

X = ( T ~\ < ~ T 'Y T ) ■ (2.3) 

The relationship between the 4+n-dimensional metric and the effective action fields is as 
follows. Given the (n+1) Killing vectors ki, the metric g^u decomposes into 

A/j = g A nkf J$ (2.4) 
9au = 9au - A /J /c/ A A;jn (2.5) 



9\n 



fg^ + X IJ k Ia k Jb k Ka \ a ,b = l,2,3;I,J,K=l,...n+l. (2.6) 
V kjb XjkJ 



Furthermore, for Einstein spaces R\n = 0, 



uia = e abc kj' c = dafjOj. (2.7) 

Lastly, with 

t = det(A), (2.8) 

it can be shown [25] that the (4+n)-dimensional pure gravity equations of motion 
-^An = reduce to those of the effective action (12.21) . Notice that x is a unimodular matrix, 
which for 4d spherically symmetric solutions depends only on the radial coordinate r of 
the 4d subspace. Also, for such solutions the effective 3d metric takes the form 

T 9 ^ = diag(l,f(r),f(r) sin 2 6). (2.9) 

The 4d metric, gauge and scalar fields in terms of the effective 3d fields are given by 

exp(-^ = diag{-r-\ -r" 1 /^), -r" 1 /^) sinfl, (A 11 )" 1 ) (2.10) 
a 

exp(- — )pu = A /+ i iJ+ i (2.11) 
na 

Ai = 4 = -r- 1 exp(^)p"/(r)^ J+1 cos^, (2.12) 

where the parameter a is chosen such that the dilaton tp has a standard kinetic term: 
a = \/n + 2/y/n. 

Cvetic and Youm employed a solution-generating technique, which allowed them to 
obtain all 4d static, spherically symmetric, abelian Kaluza-Klein solutions, by starting 
from the 4d Schwarzschild black hole solution 

f(r) = r{r - 2 7 ) (2.13) 
X = diag(-(l - ^)-\ -(1 - y), 1, • • • 1), (2.14) 
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and acting with 5*0(2, n) transformations. 

The solutions which we are interested in, for the purpose of this paper, have n = 2, 
and arise through the following succesion of transformations. Start from 

f(r) = r(r-2y) (2.15) 
X = diag{-{\ - ^)-\ -(1 - ^), 1, 1), (2.16) 

and first perform an SO (1,1) rotation on \ which acts on the 1st and 3rd indices, with 
parameter 8p, and another S0(1,1) rotation acting on the 2nd and 4th indices, with 
parameter 8q. Defining 



P = 2 7 sinh(5 P ) cosh(5 P ) = y/p(p-2y), (2.17) 
Q = 2 7 sinh(5 Q ) cosh(5 Q ) = y/q(q - 2 7 ), (2. 18) 

the rotated \ matrix reads 

/-T+p q p o X 

r r 



x 



-l±^fl o 

r+27 r+27 

P Q r + 27-p Q 

0^0 ^f/ 

r+27 r+27 ' 



(2.19) 



and f(r) = r(r + 2 7 ). In the above we have also redefined r by sending r — 2 7 into 
r. The solutions generated in this fashion have the same global space-time structure as 
4d Schwarzschild black holes. To arrive at more general ones, with an inner and outer 
horizon, we continue the set of SO(2,2) rotations, with an SO(l,l) transformation with 
parameter 81, mixing the 1st and 4th indices, followed by yet another SO(l,l) rotation, 
mixing the 2nd and 3rd indices, with parameter 82 , where 

8\ = — arctanh(-y/p(p — 2 7 )<5), 

8 2 = arctanh(v/g(g-2 7 )<5). (2.20) 

The parameters 81,82 are not independent. The condition that the metric obtained after 
these transformations asymptotes to flat space, and thus has a vanishing Taub-NUT 
charge restricts 81 and 82 as in (12.201) . 

As advertised, these 4d black holes are solutions of the Kaluza-Klein reduction of 6d 
Einstein gravity. The reduced action is obtained by substituting the Kaluza-Klein ansatz 
(12.11) into the Einstein-Hilbert action 

s = i^g I d ' x ^(R + \p^f; u f^ - \d^d^ - ^p k % Pik d^ Pjl ), (2.21) 
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where we recall that a = \[2 and p is a unimodular 2x2 matrix. The corresponding 6d 
uplift is characterized by 



ds% = -N 2 dt 2 + g rr dr 2 + g Qe {dd 2 + sin 2 9d(j) 2 ) + g yy (dy + A y dt + A^dcj)) 2 
+g zz (dz + A z dt + A\d<\)) 2 + 2g yz (dy + A\dt + A\d<\))[dz + A z dt + A^dcp) 
(-1 + p 2 5 2 - 2p5 2 1 )r{r + 2 7 ) 

T = - 

(— r 2 — 2 7 r — pr — 2-yp + p 2 5 2 r 2 + 5 2 p 2 rq — 2p5 2 -yr 2 — 2q5 2 pr r )) 

N 2 = ( r + 2 1 )(-l + q 2 5 2 - 2q5 2 1 )r 

—2q5 2 pr / -f + q 2 5 2 pr — r 2 — rq — 2q5 2 r 2/ ~f + q 2 5 2 r 2 — 2 7 r — 2g 7 



9rr T~ 

—r 2 — 2 7 r — pr — 2 7 p + p 2 5 2 r 2 + 5 2 p 2 rq — 2p5 2 7 r 2 — 2q5 2 pr / y 
999 = -1 + p 2 5 2 - 2p6 2 ~f 

A y (-pr + 2 7 g + 2 7 r + rq)5^ q(q - 27) 

(— 2g5 2 pr 7 + q 2 5 2 pr + q 2 5 2 r 2 — 2g5 2 r 2 7 — 2 7 g — r 2 — 2 7 r — rq) 



^\-qW + 2qb 2 1 ^p{p-2 1 ) 
A 1 — COS U 

y/1 - p 2 5 2 + 2p5 2 1 

AZ _ (- 1 + q 2 5 2 - 2q8 2 1 ) (p 2 S 2 r - 2p5 2 r 7 - r - 2 7 ) 

(rp5 2 q 2 — 2p5 2 r / yq + r 2 q 2 5 2 — 2b 2 r 2 q r ) — r 2 — 2 7 g — qr — 2r 7 ) 

Viii - 27) 



y/l - q 2 5 2 + 2g5 2 7v /l - p 2 5 2 + 2p5 2 -f 
A z _ Vp(p - 2 7 )^(~2 7 - p+ j) fl 

/ 2 2r2 2,o^2 2 2 r2 2, 2r4 2 2 2r4 2 , r> r2 2 f4 2 2 

^to = ( r ~ P o r + 2po 7 r — q o r + q o r p — 2gorp 7 + 2qo r 7 — 2go r 7 p 

+4g5 4 r 2 7 2 p + 4 7 r + 4g5 2 pr 7 — 4<5 2 p 2 r 7 + p 3 5 2 r — q 2 5 2 pr + 4g5 2 r 7 2 + 4p5 2 7 2 r — 4g 2 <5 2 r 7 

+g 3 5 2 r - 5 2 p 2 rq + pg 3 <5 2 + 5 2 p 3 q + 4 7 2 - 25 2 p 2 q 2 ) 

1 

(— 1 + g 2 5 2 — 2g5 2 7 )(— r 2 — 2 7 r — pr — 2 7 p + p 2 S 2 r 2 + 5 2 p 2 rq — 2p5 2r )r 2 — 2q5 2 pr r )) 

(-1 +p 2 5 2 - 2p<5 2 7 )(r +p)(r + q) 
(— r 2 — 2r 7 — pr — 2p 7 + p 2 S 2 r 2 + p 2 5 2 rq — 2p<5 2 r 2 7 — 2p5 2 r 7 g) 
(—1 + p 2 5 2 — 2p<5 2 7 )(p — g)(pr + qp — 2r 7 + gr)<5 
(— r 2 — 2r 7 — pr — 2p 7 + p 2 S 2 r 2 + p 2 5 2 rq — 2p5 2 r 2/ ~f — 2p5 2 r r )q) 
1 

x (2 22) 

v/l - g 2 <5 2 + 2qb 2 ~i y/l - p 2 S 2 + 2p5 2 7 ' 



9zz 
9yz 



s 



From the zeros of the lapse function N 2 we infer that the position of the outer horizon 
is at r + = 0, whereas the inner horizon is at r_ = —27. Therefore 7 is the non-extremality 
parameter, defined as (r+ — r_)/2. We should perhaps emphasize that having either one 
of the parameters Sp, Sq, 5 vanishing leads to solutions which do not have the same global 
space-time structure as 4d Reissner-Nordstrom black holes. The supersymmetric black 
holes are charcterized by 7 = 0, with p, q fixed. 



2.2 Thermodynamics 

The ADM mass of the 4-dimensional Kaluza-Klein black holes is 
M ADM . M = — L- / dS^k" 

o7T(jr4 J 

(45 2 7 2 - 1 - 2p5 2 7 + q5 2 p - 2q5 2 ^j)(qp 2 5 2 + pq 2 5 2 —p — q- 4pqS 2 j) 
4G 4 (1 - P 2 S 2 + 2p 7 5 2 )(l - q 2 S 2 + 2 qi 5 2 ) ' 

(2.23) 

The electric and magnetic fields and the corresponding electrostatic and magnetostatic 
potentials are 

E l = d r A = d r ^\ i 7 j = 1,2 = y,z (2.24) 
B t = e aH3 Pijd e A\ = d r ^i. (2.25) 

It is amusing to note that the magnetostatic potentials are related to the electrostatic 
ones as follows: to obtain ^1 = *$> y start from $ 2 = Aq and interchange p and q; to obtain 
^2 = ^ z start from = Aq and interchange p and q. 
The conserved electric and magnetic monopole charges 

Ql ~ 1 - q 2 5 2 + 2q5 2 1 ' (2 ' 26) 

q _ Vl-p 2 5 2 + 2pl^ y /q(q-2 1 ) 
y/1 - q 2 5 2 + 2qb 2 1 

p i = v / l-^ 2 + 2g^ 2 7y / p(p-27) (2 2g) 

y/1 - p 2 S 2 + 2p5 2 1 
P 2 = (p-g + 27)y/p(p-27) 5 

1 - p 2 5 2 + 2p5 2 1 ' 1 ' ' 

can be obtained from the asymptotic behavior of the electrostatic and magnetostatic 
potentials A i ~ Qi/r + 0(r" 2 ), % ~ P' l /r + 0(r- 2 ). The same pattern of simultaneously 
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interchanging the indices 1 and 2 and the parameters p and q relates the magnetic and 
electric charges. 

The Hawking temperature and horizon 

y/(l - gg + 2^ 2 7 )(1 ~ q 2 $ 2 + 2g^) 

* = ' ( 30) 



SnPy/pq 

h ° riZOn ' M = ^(1 - p2 5 2 + 2 ^2 7 ) (1 _ g 2£2 + 2 ^2 7 ) • (2 ' 31) 

Finally, for the 4d black holes, the Smarr formula reads 

M adm -m = ^T H A hoHzon . A + -^(Qi® 1 + P%), (2.32) 

and we can explicitly verify that it is satisfied. The normalization of the Maxwell action 
in f)2.2ip is responsible for the peculiar factor of 1/4 in the Smarr formula. 

The extremal limit is a bit subtle. As the non-extremality parameter 7 is taken to 
zero, we must also take p — > q, 5 — »■ 1/q: 

p = q + (C 2 - D 2 ) 7 , 7 - 

S = - - ^-f^7, 7-0. (2.33) 

while keeping C, -D fixed. This will insure that the lapse function has a degenerate double 
root at r = 0, as expected for the extremal limit of black holes with Reissner-Nordstrom 
global space-time structure. The Hawking temperature vanishes for these extremal black 
holes. 

In the extremal limit, the Bekenstein-Hawking formula for the black hole entropy 
yields: 

irq 2 

S e xtremal;Ad = TTpTTT" (2.34) 

It is interesting to notice that we can express the extremal entropy solely in terms of 
charges 



extremal 



Sextremal;id — T^T^QlP 1 + 

g(C 2 — £> 2 — 2) _q_D_ 

1 extremal 2C 2 ' extremal 

P i = ^ p2 = g(C^+2) 

extremal ' extremal 2.D 2 ' \ / 
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The uplifted 6d solutions are non-asymptotically flat rotating black holes. The electric 
charges of the 4d black holes are mapped into conserved angular-momentum type charges, 
obtained via Komar integrals 

J * = TfTT^ I dS^Vll i = 1, 2 = y,z 
Ib7rG 6 J 

h = Zjfy = d y , l 2 = = d z . (2.36) 

The magnetic monopole charges are mapped into the periodicities of the y, z coordinates. 
In order to avoid singularities at 9 = 0, it, y and z must be periodic with periods 

y~y + L y = y + AttP 1 , z~z + L z = z + AttP 2 . (2.37) 

The 4d Newton's constant is expressed in terms of the 6d Newton's constant as 

^ = (2-38) 

and the Komar angular momenta can be written as 

J, = (2.39) 

The Hawking temperature of the uplifted 6d black holes is the same as that of the 4d 
black holes. 

In the extremal limit, the 6d black hole entropy equals 

q _ C Gr 4. Ly extremal L z extremal 

extremalfid ^ extremal;4:d 



l7T 3 q\C 2 - D 2 + 2) 



(2.40) 



3 The NENH limit 



For later purposes we record here the near-extremal near horizon (NENH) limit of these 
black holes. We begin by making a coordinate transformation 

r = 2eC, (3.1) 

while at the same time taking the non-extremality parameter to zero 

7 = Pe 2 , (3.2) 
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as e — > 0. As the extremality limit is approached, we need to take p —> q , and 5 — > 1/q 
as follows: 

p = q + (3 e\C 2 -D 2 ) S = --Pe 2 ^-^, (3.3) 

q q z 

where q, C, D are held fixed. 

To leading order in e, the parameter (3 drops out, and the NENH geometry is AdS 2 x 
S 2 x T 2 : 

4r <2/-2 2 2 
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4L> 2 / 6(C 2 - D 2 + 2) + 2CD , , 
ay (,at 



(6(C 2 - D 2 ) + 2CD) 2 + 4 V £g 
6(C 2 - D 2 + 2) + 20D 



2D 2 - qC ° S 
D 2 (b(C 2 — D 2 ) + 2CD) 2 ( 2C(b{C 2 - D 2 -2) + 2CD) 



d * T^n/^o 7^T\ 77777^ C dt 



(b(C 2 - D 2 ) 2 + 2CD) 2 + 4 V qD(b(C 2 - D 2 ) + 2CD 

b(C 2 - D 2 - 2) + 2CD 

-gcos 



2 



(3.4) 



D 2 (b(C 2 - D 2 ) + 2CD 

where we have redefined the time coordinate 

t -> t/e. 

The Kaluza-Klein coordinates (y, z) have been also redefined as 

, , b((C 2 -D 2 ) 2 + A) + 2CD(C 2 -D 2 ) , 
(y, *) = (y + te, * 2cmc2 _ — } - 2CD) y) 

in order to diagonalize the T 2 line element. The metric diagonalization can be achieved 
with an arbitrary parameter b. 

A few comments are in order: the AdS 2 x S 2 factor is to be expected since the 
extremal limit of the 4d Kaluza-Klein black holes, which have the same global space- 
time structure as Reissner-Nordstrom black holes, is indeed AdS 2 x S 2 . The electric and 
magnetic fluxes which support the AdS 2 x S 2 geometry are obtained by performing a 
straightforward Kaluza-Klein reduction along T 2 . Second, we notice in the NENH limit 
the magnetic fluxes cannot be simultaneously zero. This will bring an element of novelty 
in constructing the diffeomorphism algebra at spatial infinity. 
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To simplify our analysis of the CFT dual to the 6d NENH geometry, we will further 
choose 

2CD 
~ ~C 2 -D 2 + 2' 

With this choice, and with one more obvious rescaling of the t, y, z coordinates, 

r -n ,D \/2„, 

the NENH metric takes the simple form 

A 2 D ' ^ A + 2 , ^ , ^ , n 2 , I A~ 2 ~ 2 

ctSfi = —dt + --TT-rrCtC + -^diln + (dz Qdt H — — cos 9d(p) + dy . 

(3.5) 

The coordinate z must be periodic with period 4ii\/2q/D, to avoid any singularities. The 
orginal y, z coordinates, in the NENH limit, are periodic with periods 

, a Cq q(C 2 — D 2 + 2) 
yr^yJ r 4 7l — ; z~ z + 2ir — . (3.6) 



4 Entropy of the non-extremal black hole from sym- 
metries at the Killing horizon 

We will follow Carlip's approach [TBI [TTjto determining the entropy of the 4d 2-charge 
non-extremal Kaluza-Klein black holes from symmtries at the Killing horizon. However, 
as advertised, we will instead work with the uplifted 6d solutions (12.221) . which lend 
themselves to a more direct application of Carlip's ideas. The first step is to determine a 
set of differomorphisms which preserve the structure of the horizon, and which generate 
through their Lie brackets a Dif f{S 1 ) algebra. A choice satisfying these requirements is 

& = T nX » + R nP ^ (4.1) 

where x M is the Killing vector whose norm vanishes at the horizon 

X = X^df, = d t + Q y d y + Q z d z , 

, = Ar 



o 

r=0 



(4.2) 



r=0 

and Q y , Q z are angular velocities at the horizon. The vector p is given by 



P, = —drWxp), (4-3) 
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where k is, as usual, the surface gravity: 

T H = k/(2tt). (4.4) 

Both p and \ have vanishing norms at the horizon. The scalar functions T n and R n are 
related to each other 

R n = --X >1 d, l T n + 0(r). (4.5) 

K 

Our choice for T n is 

T n = ■ - )- . / r e^^+C^/^y), nGZ . (4.6) 

a + lly(2ll)/Ly 

The normalization factor for T n is such that £ n will generate a properly normalized 
Diff(S l ) algebra. A different choice of the U(l) direction selected to write T n will 
not change any of our conclusions. 

Next, instead of the algebra of the conserved diffeomorphism charges used by Car lip, 
we will employ the corrected algebra of Koga and Silva (11.71) . The central term of this 
algebra equals 



3 a + VL y (2ix)/L y Area horizon . M _ 3 a + tt y (2ir)/L y Area horizon . id 



Gq K G4 

(4.7) 

Requiring that the central term has the standard form of a Virasoro algebra determines 
uniquely the zero mode Qo 

a + tty(27r)/L y Area horizon . M 

and the central charge of the chiral Virasoro algebra 

a + Qy(2-K)/L y 3Area horizon . M 



K 2ttGq 

Lastly, the Cardy formula leads to the Bekenstein-Hawking entropy 



(4.9) 



S = 2 ^— = 4 G & = 4 G~i ' (4l0) 

provided that 

a = k - n y (2n)/L y . (4.ll) 

This is perhaps in accord to expectations, since the coordinates of a zero angular momen- 
tum coordinate system at the horizon are Y = y — Q y t, Z = z — Q z t. In addition, the 



ll 



period of the t coordinate is 27t/k, which means that the Fourier mode expansion at the 
horizon will involve the scalar functions exp(m(/tt + (2ir) / L y Y)) . 

When using the BBC Poisson bracket algebra of the conserved diffeomorphism charges, 
we find that the central term is vanishing^. Thus for the same set of Killing horizon 
preserving diffeomorphisms (14. ip . only Silva's charge algebra acquires a central charge 
extension. Moreover, in the latter case, with the natural choice (14. lip , the diffeomorphism 
charges yield a dual CFT Virasoro algebra which correctly accounts for the black hole 
entropy. 



5 Entropy of the extremal black hole from symme- 
tries of the NENH geometry at spatial infinity 



In this section we will consider the diagonalized 6d NENH geometry (13.51) . where we notice 
that the y coordinate parametrizes a trivial S l fibration. Thus the geometry is effectively 
five dimensional. The boundary conditions we impose on the metric fluctuations at the 
boundary of the NENH geometry, at 1/^ = 0, follows 



dF(z) 
dz 



fC 2 h tt (0) 
th w (6)F(z) 



Chte{0)F{z) 

o((- 2 ) 
o((~ 2 ) 

h e4> (6)F(z) 
h es (6)F(z) 



0((~ 2 ) 
h 94 ,(0)F(z) 

o(C 2 ) 



(h tz (9) 



dF(z) 



F(z) 



h ez (e)F(z) 

dF(z) 
dz 



(5.1; 



The allowed metric fluctuations given in (15. ip are such that the constraint equations 
9 0v Gau = 0, where Gu V is the Einstein tensor, are satisfied. This restricts the 



G l 



4 In fact, the constraint (|1.6p is not satisfied for the diffeomorphism generator (|4.ip . which means that 
the BBC algebra cannot be used in this case. 
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number of independent functions in the metric fluctuations: 
h ei (9) = -±±h te (9) 
h u {0) = —h tt = const 

D 2 

htAO) = T h tt cos9 

q z 



2 



h ss (0) = -V2^h ts (9) - ^h tt 
D q z 



M*) = ~\ (V2^h tt cos 9 + 2^h tz (9) cos 9 - |^^fp^ sin 9 + ^h te (9) sin ^ 

V(^) = -tt^A ~(^h w (9)sm9cos 2 9 + 2V2h tt cos9 + 2^-h <j}Z (9) cos 2 9 

2 sin 9 cos 9 q yU^ D 

q 3 dh ts (9) 2 q dh rz {9) . g 3 dh tz {9) . 

■ sin & cos 9 — 2— — -- — cos 6 1 sin # — — — — sm.9 



D 3 d9 D d9 D 3 d9 

3 3 \ 

+^h t - z {9) cos9 + ^h te {9) sin9 + 2^(9)) • (5-2) 

To leading order in the most general diffeomorphism generator which preserves these 
boundary conditions is 

= C 5 m = exp(-^^) ( - ianQd c + U(9)d^ - ^d- 



2tt 



D 2 h tt n 

L- Z q 



2 



where 



W) = ~ V7 ^— (V2h ts (9) + ^(a - 1) V (5.3) 
2V2COS6 1 V q tt J 

L- z = AttV2^ (5.4) 

is the period of the diagonalized z coordinate in (13. 5p . 

We would like to highlight that, in contrast to the structure of the boundary conditions 
of the NENH 4d Kerr black hole and the diffeomorphism boundary-preserving generator 
of that case, here we have a free parameter h tt in the metric fluctuations, and corre- 
spondingly, a free parameter a in the diffeomorphism £ n given in (15.31) . The constraint 
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equations are satisfied with arbitrary h u , h t o(6), h t z{9). The relative normalization of the 
various terms in the diffeomorphism generator (15. 3p was chosen such that its Lie algebra 
is a Dif /(S 1 ) algebra. 

Let us now substitute (15. 3p into (jl.7p and (11.41) . By casting the central term of Silva's 
conserved charge algebra into the standard Virasoro form we arrive at the following central 
charge expression^: 

o fn -^-horizon-fid 
Cq = 3 V 2 — ' — 

UD G 6 

"idA-horizon-fid 

4ttG 6 ' 

whereas from the BBC central term we obtain the central charge 

3\/2 qa(3 — a) Ahorizon-fid 



(5.5) 



7 2 L- Z D G 6 
3a(3 — a) Ahorizon-M 

(5.6) 



87rG 6 

where Ah or izonfid = Ahorizon-^dLyLz is the area of the horizon of the extremal 6d black hole. 
The central charge does not depend on the free function fy. On the other hand, will 
enter the expression of the zero mode Qq. 
We note that for 

a = 1 

the two central charges agree, and the difference term (11.81) vanishes. It is for that same 
value a = 1 that the conditions for the validity of the BBC algebra, in particular the 
second condition (jl.6p . are satisfied. 

We have also considered three other sets of diffeomorphisms analogous to that given 
in (15. 3p . but which depend solely on t, <fi, or y respectively instead of z. Although each of 
these form a Diff(S l ), we found that the Virasoro algebra resulting from either Silva's 
or the BBC prescription had vanishing central term and thus led to a vanishing entropy. 
We conclude that only the ^-dependent diffeomorphisms are related to a non-trivial CFT 
dual. 

To obtain the extremal black hole entropy, we will use the thermal Cardy formula. 
The temperature of the dual chiral CFT T% is extracted from 

dS extr emal = PzdN^ = ^dN z , (5.7) 



5 We have analyzed what happens if a different linear combination of the torus U(l) x U(l) isometrics 
is chosen, instead of dz, to construct the vector field £„ and the corresponding boundary conditions. The 
central charge dependence on the free parameter a comes out the same, for each of the two diffeomorphism 
charge algebras. 
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where N% is the quantized U(l) charge associated with z-translations. For the NENH 
geometry (13.51) . the U(l) charge is 

= 2^V(2 + C-D») 
D 6 G Q 

The quantized charge is obtained from the Bohr-Sommerfeld quantization formula 

N- z = ^-L Z J~ Z . (5.9) 

Further using (12.401) leads to 

Tg = -. (5.10) 

7T 

Finally, the thermal Cardy formula yields the Bekenstein-Hawking entropy 

2 4 

o T> ^horizonfid i - -. -. \ 

^extremal ~o~ T7~< ' \ / 

O 4Gr6 

provided that a = 1 . The Bekenstein-Hawking formula for the entropy of the 4d extremal 
2-charge black hole is immediately reproduced, since the 6d Newton's constant and the 
4d Newton's constant are related by L v L z /Gq = I/G4, and the 4d black hole horizon area 

is Aretthorizon-^d ^^^^horizon;6d/ \^- J y^- J z) • 
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